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Abstract Maintenance of adequate pancreatic β-cell mass, via suppression
of programmed cell death and/or sustained proliferation is critical for the
prevention or delay of diabetes mellitus. It is well established that insulin
potently activates mitogenic and anti-apoptotic signaling cascades in cultured
β-cells. Furthermore, loss of β-cell insulin receptors is sufficient to induced type
2 diabetes in animal models. However, it remains unclear whether the in vitro
effect in human islets and the in vivo effects in mice can be applied to human
physiology. The major obstacle to a complete understanding of the effects of
insulin’s feedback in human pancreas is the absence of technology to measure
the concentrations of insulin inside of pancreas. To contextualize recent in
vitro data, it is essential to know the local concentration and distribution of
insulin in pancreas. To this end, we formulate a novel mathematical model
to investigate the distribution and concentration of insulin within pancreas
using existing physiological data and islet imaging data. Our studies reveal
that insulin concentration along pancreas, related to glucose level, increases
nearly linearly in the fashion of increasing quicker in tail area but slower in
head area. We also showed that the factor of small diffusion with blood is
negligible since the convection of blood flux dominates. To the best of our
knowledge, our model is the first attempt to estimate the glucose and insulin
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distributions in pancreas. Our model is simple, robust and thus can be easily
adopted to study more sophistic cases.

Keywords Pancreas · Islet · Insulin distribution · Initial-boundary value
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1 Introduction

Diabetes mellitus continues to exact a devastating toll on society due to its
life-threatening complications. Diabetes mellitus is a leading cause of heart
disease, kidney failure, blindness and amputations, as well as other pathologies
(Derouich and Boutayeb (2002)). At least 5% of the worlds population has
diabetes, and up to 30% of the population may be at risk. Despite decades
of study, the factors controlling the initiation and progression of diabetes still
remain to be fully elucidated. Without a thorough understanding of the glucose
homeostasis system and its dysfunction in diabetes, we will continue to struggle
to develop new approaches to detect, prevent and delay the onset of diabetes.
Thus, it is important to integrate important but reductionist experimental
findings into comprehensive models. Therefore, there is a pressing need for
accurate mathematical models employing the latest experimental findings.

Diabetes mellitus is characterized by either the near total loss of pancre-
atic β-cells (type 1 diabetes), or the relative loss of functional β-cells that
accompanies the inability of the body’s cells to utilize insulin properly (type
2 and gestational diabetes). The pancreatic β-cell is the unique cell type that
secretes insulin, a hormone needed for cells to uptake and store glucose. Hor-
mones such as insulin ensure that the plasma glucose concentration remains
in the normal range during and between meals. In addition to dysfunctional
insulin secretion (Bergman et al (2002); Lowell and Shulman (2005)), it is
now widely accepted that inadequate compensatory changes in pancreatic β-
cell mass plays a critical role at the onset of type 2 diabetes and gestational
diabetes (Ackermann and Gannon (2007); Rhodes (2005)). Thus, it becomes
important and urgent to better understand the dynamics of β-cell proliferation
and programmed cell death in the regulation of β-cell mass, and the causes
of failure for β-cell adaptation. These findings will aid in developing effective
and efficient therapeutic agents.

The mass of β-cells is determined by the number and sizes of all beta-cells.
Numerous experiments indicate that insulin has anti-apoptotic effect on β-
cells (Alejandro et al (2010); Beith et al (2008); Johnson et al (2006); Nyman
et al (2010)). Importantly, it has been shown that insulin has a bell shaped
dose-response curve Johnson and Alejandro (2008). In order to discover the
importance of these effects, it is critical to understand the distribution of in-
sulin in pancreas. In this paper, we propose a partial differential equation
(PDE) model to investigate the insulin distribution in pancreas. We organize
this paper as follows. In the next section, we formulate the PDE model based
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on evidence from physiological studies. When the diffusion factor is not con-
sidered, we show the existence of mild solutions of the PDE model in Section
3, the existence of the steady state solution in Section 4 and that the steady
state solution is stable in Section 5. In Section 6, we show that the convec-
tion of the blood flux in pancreas dominates over the small diffusion effect.
Numerical simulations are carried out in Section 7. We end this paper with a
discussion of the physiological ramifications in Section 8.

2 Model formulation

Pancreas is an elongated and tapered organ that is located across the back
of the abdomen and behind the stomach. The pancreas has three sections:
the head, the body and the tail. Arterial blood flows into the tail and flows
out of the head of the pancreas through the hepatic portal vein. After insulin
flows out of the pancreas through the hepatic portal vein, the liver and kidney
clear about 50% of insulin before the insulin is transported into the whole
body circulation, becoming the so-called peripheral insulin. The un-degraded
peripheral insulin returns to the pancreas with the blood influx. The hepatic
portal vein is the nearest location to the islets at which the concentration of
insulin has been measured.

Insulin-secreting β-cells are contained in micro-organs called the islets of
Langerhans, situated within the pancreas and accounting for approximately
1% of the mass of the entire pancreas. Each islet contains a few hundreds
β-cells. There are about one million of islets in an adult human pancreas.
Insulin is secreted from the pancreas in pusatile bursting and oscillatory man-
ners, which are stimulated by glucose. When diabetes develops, either all of
or most of the β-cells become dysfunctional or the compensation of β-cell
mass is not enough to make up for insulin resistance. Normally, the dynamic
requirements of β-cell mass are balanced by changes in number (through pro-
liferation and/or programmed cell death) and size (through hypertrophy and
atrophy). Generally, the acute effects of glucose and insulin on these dynamics
are difficult to observe directly in humans, especially with the current state of
medical imaging. Particularly, β-cell proliferation or death cannot be directly
imaged non-invasively. Even in animal models is hardly seen after the age of
thirty in humans (Perl at al (2010)). Therefore, investigating the factors that
contribute to β-cell proliferation and apoptosis by mathematical modeling is a
relevant and effective tool in understanding the cause of improper adaptation
in β-cell mass. To the best of our knowledge, no mathematical model has been
developed to study the effects of local insulin concentrations on pancreatic islet
survival and proliferation. These effects may be physiologically significant if
they increase β-cell mass by slowing down the death of the cells, and therefore
postpone type 2 diabetes progression. Here, we propose a PDE model to study
the distribution of insulin in pancreas along the flow of blood. Glucose and
peripheral insulin enter the pancreas with the blood flow and are distributed
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through capillaries. The insulin in the pancreas is a composite of the peripheral
insulin with the insulin newly synthesized and released from β-cells.

The elongated shape of pancreas and the distribution of islets as ‘beads on
a string’ allow us to assume that a pancreas occupies a one-dimensional space
with length L > 0 (cm) with the tail at the original and the head at the point
L. (Refer to the clear images in Hömblad et al (2011, Fig. 2).) Notice that the
blood flow in a small individual organ approximately keeps at a constant rate.
Hence we can assume that the blood flux is at a constant speed c > 0 from the
original O to L. Islets, and therefore β-cells, are distributed along the interval
(0, L). Islets are not randomly distributed (Hömblad et al (2011)). However,
for simplicity, we assume that the distribution is homogeneous along this line.
At the same time, glucose and peripheral insulin flow in to pancreas with
blood at where islets are. Inside pancreas, both glucose utilization and insulin
degradation are very small, but they still exist. As we consider the dynamics
of insulin and glucose distribution in pancreas only, both the hepatic glucose
production and the insulin-independent glucose utilization can be ignored.
(Refer to Li et al (2006, Fig. 2) for a full sysmetic description.) Nyman et al
(2010) studies the manners of blood flux in eight single β-cells by graphical
images. According to the images obtained by Nyman et al (2010), the blood
flow in islets can be classified in three ways: inner-to-out (diffusion) (4 out
8), top-to-down (convection) (3 out of 8), and irregular (1 out 8) (Nyman
et al (2010, Fig. 3)). According to our calculations, the diffusion, if it exists,
is very small. Based on available physiological data, we hereby construct the
following general partial differential equation (PDE) model in one dimensional
space [0, L], L > 0, with the pancreas tail at the origin and the head at the L:

−ε∂
2G

∂x2
+
∂G

∂t
+ c

∂G

∂x
= Gin − aGI,

−ε∂
2I

∂x2
+
∂I

∂t
+ c

∂I

∂x
=

σG2

b2 +G2
− diI, x ∈ (0, L), t > 0,

G(L, t) = α1G(0, t), I(L, t) = α2I(0, t), t > 0,

G(x, 0) = φ(x), I(x, 0) = ψ(x), x ∈ (0, L),

(1)

where c > 0 is the speed of the blood flow in the pancreas, ε > 0 is the constant
diffusion rate, φ(x) and ψ(x) indicates the initial distributions of glucose and
insulin in pancreas, respectively, while Gin is the constant peripheral inputs
of glucose. The term aGI stands for the insulin-dependent glucose uptake

with a > 0 is the insulin sensitivity index, the term σG2

b2+G2 stands for the
insulin secretion triggered by glucose, and di is the constant rate of insulin
degradation.

We study the Model (1) analytically and numerically in the following sec-
tions. We first assume that the diffusion rate ε = 0 from Section 3 to 5 and
study the existence and stability of the steady state solution. Then in Section
6 we prove that the diffusion is negligible when it is small.
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3 Preliminaries

In this section, we show the existence of a mild solution of the model (1) for
ε = 0. Denote matrices

D =

[
α1 0
0 α2

]
and P =

[
α−11 0

0 α−12

]
.

Let A = −c ∂∂x with domain given as

D(A) = {u ∈W 1,1(0, L)×W 1,1(0, L) : u(L) = Du(0)},

where L1 and W 1,1 denote the standard Sobolev type space. Since we are
interested in positive solutions, we define L1

+ and W 1,1
+ to be the positive cone

in L1 and W 1,1. Thus the model (1) can be rewritten as an abstract Cauchy
problem

du

dt
= Au+ F (u), u(x, 0) = u0(x), (2)

where u = (G, I)T ∈ L1(0, L)× L1(0, L), u0(x) = (φ(x), ψ(x))T for x ∈ (0, L)
and

F (u) =

 Gin − aGI

σG2

b2+G2 − diI

 . (3)

Define the extension operator E for function φ and ψ defined over (0, 1):

(E(φ, ψ)T )(x) = (φ(x), ψ(x))T , ∀x ∈ (0, L),

otherwise

(E(φ, ψ)T )(x) = P (φ(x+ 1), ψ(x+ 1))T , for x < 0.

For t ≥ 0, we define

S(t)u0(x) = (Eu0)(x− ct) = Pu0(x− ct), for u0 ∈ L∞(0, L)× L∞(0, L).

It is easy to show that S(t), 0 ≤ t < ∞, is a C0-semigroup and A
is its infinitesimal generator. In fact, S(0)u(x) = (Eu)(x) = u(x) for u ∈
L∞(0, L)×L∞(0, L), that is, S(0) = I. Also, for 0 ≤ t, s <∞, S(t)S(s)u(x) =
S(t)((Eu)(x − ct)) = S(t)Pu(x − ct) = PS(t)u(x − cs) = Pu(x − cs − ct) =
Pu(x−c(t+s)) = S(t+s)u(x). Moreover, given x ∈ (0, L), choose t > 0 small so
that 0 < x−ct < L. Then, S(t)u−u = (Eu)(x−ct)−u(x) = u(x−ct)−u(x)→ 0
as t ↓ 0. So S(t), 0 ≤ t < ∞, is a C0-semigroup. Finally, for all small t > 0,
0 < x− ct < L,

limt→0+
S(t)− I

t
u(x) = limt→0+

S(t)u(x)− u(x)

t

= limt→0+
(Eu)(x− ct)− u(x)

t

= limt→0+
u(x− ct)− u(x)

t
= −cAu(x).
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Furthermore, notice that ‖P‖ = 1, we have

Proposition 1 Let A and S(t) be defined as above. Then we have

(a) S(t) : L1(0, L) × L1(0, L) → L1(0, L) × L1(0, L) is a C0-semigroup, A is
the infinitesimal generator. And

‖S(t)‖ ≤ 1.

(b) Let ρ(A) denote the resolvent set of operator A. Then (0,∞) ⊂ ρ(A), and
for λ > 0,

‖(λ−A)−n‖ ≤ 1

λn
.

With all these definitions on A and F , following Webb (2008), we have

Theorem 1 For each u0 ∈ L1
+(0, L)2, there exist a unique continuous mild

solution u(t, u0) ∈ L1
+(0, L)2, for t > 0 such that

u(x, t) = (S(t)u0)(x) +

∫ t

0

S(t− τ)F (u(τ)) dτ.

4 Steady state solution

For simplicity, we assume that the speed of blood flow in the pancreas is c = 1.
Otherwise, this can be attained by a simple transformation L̄ = L/c and thus
we need only adjust the length of pancreas in simulation work in Section 7.

We begin with the ordinary differential equation (ODE) system stemming
form Model (1) without spatial differentiation:

∂G

∂t
= Gin − aGI,

∂I

∂t
=

σG2

b2 +G2
− diI, t > 0,

(4)

We are concerned about the equilibrium of the above ODE system. Based on
the graph of the growth function in the right hand side of (4), It is straight-
forward to notice that there is only one equilibrium to the ODE system (4)
denoted by u? = (G?, I?). We first give a bound on u? and then investigate
the stability with respect to the ODE system (4).

Lemma 1 There exist a unique steady state to the system (4) denoted by
u? = (G?, I?) such that

Gindi
aσ

< G? < max

(
2Gindi
aσ

, b

)
, 0 < I? <

σ

di
.

Furthermore the equilibrium u? is globally stable in R2
+, and there exist positive

constants M and ρ such that

‖eBx‖2 ≤Me−ρx, x ≥ 0.
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where ‖ · ‖2 denotes the standard matrix norm, in case of vectors, the norm
‖ · ‖2 represents the standard Euclidean norm.

Proof The uniqueness of the steady state can be seen from the monotonicity
of the right hand side of (4) with respect to variables G and I. The bounds
for I? is straightforward. Bounds for G? can be derived from the null-cline of
the system (4).

To study the stability of u? = (G?, I?), we consider the linearized matrix
B ∈ R2×2 of system (4) around u? = (G?, I?), where

B =

 −aI? −aG?

2σb2G?

(b2+G?2)2 −di

 .
We compute the eigenvalue of B,

det|λ−B| = 0,

which leads to the equation on λ,

(λ+ aI?)(λ+ di) +
2ad2i b

2I?2

σG?2
= 0.

then

λ1,2 =
−(aI? + di)±

√
(aI? − di)2 −

2ad2i b
2I?2

σG?2

2
.

Since apparently <(λ1,2) < 0, so the equilibrium u? = (G?, I?) is stable. An
routine phase portrait analysis can show that the equilibrium u? is globally
stable. �

For convenience, we rewrite the system (1) without second order diffusion
as the abstract evolution equation for the above system: Let u = (G, I)t,

∂u

∂t
+
∂u

∂x
= B(u− u?) + F (u). (5)

F (u) =

 −a(I − I?)(G−G?)

σb2(G−G?)2

(b2+G?2)2

[
1− (G+G?)2

b2+G2

]
 .

We turn to the existence of the steady solution u to (5), i.e., the first order
ODE with boundary value problem:

∂u

∂x
= B(u− u?) + F (u),

u(L) = Du(0),

(6)



8 Changbing Hu et al.

where D = diag(α1, α2). We comment that, as far as we know, study on
boundary condition like the one in (6) has not been seen in literature. To be
more illustrative, we consider the existence of steady solution to the linear
part of (6), 

∂u

∂x
= B(u− u?),

u(L) = Du(0).

(7)

We can find out the explicit solution to (7), denoted by u0(x),

u0(x) = u? + eBx(D − eBL)−1(I −D)u?, x ∈ (0, L).

For the full system (6), we integrate to obtain the integral equation:

u(x) = eBxu(0) + (I − eBx)u? +

∫ x

0

eB(x−y)F (u(y))dy. (8)

Then an equation on u(0) can be derived by using the boundary condition
u(L) = Du(0):

u(0) = (D − eBL)−1(I − eBL)u? + (D − eBL)−1
∫ L

0

eB(L−y)F (u(y))dy, (9)

under the assumption that the matrix D − eBL is invertible. Plugging the
initial condition (9) to (8), we obtain a nonlinear equation with respect to
u(x):

u(x) = u0(x)+eBx(D−eBL)−1
∫ L

0

eB(L−y)F (u(y))dy+

∫ x

0

eB(x−y)F (u(y))dy.

(10)
The existence of steady solution of (6) is equivalent to the existence of a
fixed point in an abstract Banach space by using contraction mapping theo-
rem. However, since we are interested in positive solution to (1), the classical
contraction mapping theorem cannot directly be applied to the current prob-
lem. Special attention should be taken as for the positivity of the solution. To
proceed, we begin with some observations about the steady solutions to (7).
First we consider the case when the spatial length L � 1, with the explicit
expression on u0(x) we have

u0(0) ≈ 0, u0(L) ≈ 0,

which is not physically relevant. While for large spatial length L, we have

u0(0) ≈ D−1u?, u0(L) ≈ u?,

which fits for the context of physiology. So in the following we always assume
that the spatial length L is sufficiently large such that

‖(D − eBL)−1(I −D)‖2 ≤ 1− θ,
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where 0 < θ < 1. To prove the fixed point for (10) we regard it as a perturba-
tion of the linear system (7).

Define the nonlinear operator T : C([0, L])2 → C([0, L])2 with the super
norm ‖ · ‖∞ as the right hand side of (10):

T [u](x) = u0(x)+eBx(D−eBL)−1
∫ L

0

eB(L−y)F (u(y))dy+

∫ x

0

eB(x−y)F (u(y))dy.

The function norm ‖ · ‖∞ is defined as ‖u‖∞ = supx∈(0,L) ‖u(x)‖2. Therefore
showing the existence of steady solution to (1) amounts to finding a fixed point
u ∈ C([0, L])2, i.e.,

Tu = u. (11)

Toward this end, we present a lemma regarding the nonlinear term F .

Lemma 2 The nonlinear term F satisfies that

‖F (u)‖∞ ≤ k[(G−G?)2 + (I − I?)2];

where k = a+ σb2

(b2+G?2)2 .

We introduce a ball domain Br(u
?) ⊂ C([0, L])2 as follows

Br(u
?) = {u ∈ C([0, 1])2 : ‖u− u?‖∞ ≤ r}.

We will try to prove that for small r, TBr(u
?) ⊂ Br(u

?). We first present
some estimates.

Lemma 3 With the nonlinear operator T and convex ball set Br(u
?), assume

that the equilibrium u? satisfies

‖u0 − u?‖∞ ≤ ‖(D − eBL)−1(I −D)u?‖2 = ‖ξ?0‖∞,

and ∥∥∥∥∥eBx(D − eBL)−1
∫ L

0

eB(L−y)F (u(y))dy +

∫ x

0

eB(x−y)F (u(y))dy

∥∥∥∥∥
∞

≤ Lk(‖(D − eBL)−1‖2 + 1)‖u− u?‖2∞.

Proof First we notice that

‖u0 − u?‖2 ≤ ‖e−ρx(D − eBL)−1(I −D)u?‖2,

which yields the first inequality. For the other two terms in Tu, we have∥∥∥∥∥eBx(D − eBL)−1
∫ L

0

eB(L−y)F (u(y))dy +

∫ x

0

eB(x−y)F (u(y))dy

∥∥∥∥∥
≤ ‖(D − eBL)−1‖Lk‖u− u?‖2∞ + Lk‖u− u?‖2∞
≤ Lk(‖(D − eBL)−1‖2 + 1)‖u− u?‖2∞.

�
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Theorem 2 Assume that

4‖ξ?0‖∞Lk(‖(D − eBL)−1‖2 + 1) ≤ 1.

Let

r =
1−

√
1− 4‖ξ?0‖Lk(‖(D − eBL)−1‖2 + 1)

2
.

For any u ∈ Br(u?)

‖Tu− u?‖∞ ≤ ‖(D − eBL)−1(I −D)u?‖2 + Lk(‖(D − eBL)−1‖2 + 1)r2 ≤ r,

then there exist a steady solution denoted by u(x) to the evolution equation
(1), which satisfies the bound

‖u− u?‖∞ ≤ r.

Proof The existence proof is straightforward by using the classical contraction
mapping theorem with the estimates in Lemma 3. �

5 Stability of the steady state solution

We consider the linear stability of the steady state u(x) obtained in Theorem 2.
First we compute the linearization around u. Let u(t, x) = u(x) + v(t, x)

∂v

∂t
= −∂v

∂x
+B(x)v, (12)

where

B =

[
−aI −aG
2σb2G

(b2+G
2
)2
−di

]
.

The stability will be determined by the spectral

−∂v
∂x

+B(x)v = λv, (13)

with the boundary condition

v(L) = Dv(0).

The general solution can be written as

v(x) = e
∫ x
0
(B(y)−λ)dyv(0),

by the boundary condition, we obtain

Dv(0) = e
∫ L
0
(B(y)−λ)dyv(0).

In order for λ to be an eigenvalue, the determinant must vanish, i.e.,

det|D − e
∫ L
0
(B(y)−λ)dy| = 0.



Modeling the distribution of insulin in pancreas 11

Let

e
∫ L
0
B(y)dy =

[
b11 b12
b21 b22

]
. (14)

We obtain the equation on e−λL:

α1α2 − e−Lλ(α1b22 + α2b11) + e−2λL(b11b22 − b12b21) = 0.

The the eigenvalue λ satisfies

e−λL =
α1b22 + α2b11 ±

√
(α1b22 + α2b11)2 − 4α1α2(b11b22 − b12b21)

2(b11b22 − b12b21)
, (15)

which leads to the following theorem.

Theorem 3 With B determined by (12) and (14). Let Λ1, Λ2 denote the roots
of the quadratic equation:

α1α2 − Λ(α1b22 + α2b11) + Λ2(b11b22 − b12b21) = 0. (16)

Assume that |Λi| > 1 for i = 1, 2, then the steady state u(x) is linearly stable
for the system (4).

Proof To confirm the linear stability of the steady state u, it will suffice to
show that all eigenvalues λ to the eigenvalue problem (13) are located in
the left half of the complex plane, i.e. <(λ) < 0. Then from the equation

e−Lλ = Λi, i = 1, 2, we have all the eigenvalues λ = − ln |Λi|
L + i(argΛi + 2kπ)

for all i = 1, 2 and k ∈ Z. Therefore |Λ| > 1 implies the linear stability of u.
The proof is completed. �

In fact, the equation (15) can play the role of criteria for the spectral
stability of steady state u obtained in Theorem 2. It is straightforward to notice
that in the case of two complex conjugate solutions to the above quadratic
equation (15), i.e.,

(α1b22 + α2b11)2 − 4α1α2(b11b22 − b12b21)) ≤ 0.

we have

|e−λL| =
√

α1α2

(b11b22 − b12b21)
.

In the case of real roots, which happens to be the case for the numerical exper-
iment based on physiological parameters (with L = 15, c = 4.2) in Section 7,
we have [

b11 b12
b21 b22

]
=

[
0.9978 −0.0004
1.9048 0.8068

]
.

The quadratic equation (16) becomes

2− 2.8054Λ+ 0.8057Λ2 = 0,

which has roots Λ1 = 1.0003 and Λ2 = 2.4817. As an immediate consequence,
we know that the steady solution u to the system (4) is linearly stable. Com-
putations for other cases in Section 7 reveal the stability as well.
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6 Steady state with small diffusion

It is our belief that the second order diffusions have ignorable effect on the
distribution of glucose and insulin inside the pancreas. In this section we jus-
tify this claim in the context of singular perturbation techniques. It should
be pointed out that our analysis on the boundary condition is novel in the
literature in the sense that the corresponding equations have mixed boundary
and initial conditions, the existing perturbation theory is not applicable to
our conditions under consideration. In this section we discuss the steady state
solutions of (1) 

−ε∂
2G
∂x2 + ∂G

∂x = Gin − aGI,

−ε ∂
2I
∂x2 + ∂I

∂x = σG2

b2+G2 − diI,

G(L) = α1G(0), I(L) = α2I(0),

G′(L) = G′(0), I ′(L) = I ′(0).

(17)

Introducing that Uε = u = (G, I)t and Vε = U ′ε, we have the system

−ε∂
2Uε
∂x2

+
∂Uε
∂x

= B(Uε − u?) + F (Uε(x)). (18)

Equivalently (
Uε(x)
Vε(x)

)′
= B

(
Uε(x)− u?
Vε(x)

)
−
(

0
1
εF (Uε)

)
,

with initial condition Uε(0) = u0 and Vε(0) = v0. In this section we are going to
search for appropriate u0, v0 so that Uε, Vε satisfy the the boundary conditions
in (18).

We take the limit as ε→ 0, formally the model (17) turns out to be

∂G

∂x
= Gin − aGI,

∂I

∂x
=

σG2

b2 +G2
− diI,

G(L) = α1G(0), I(L) = α2I(0),

(19)

where the first order derivative boundary conditions in (18) are ignored. The
model with diffusion (17) should be regarded singular perturbation of (19)
because the highest derivative in (17) vanishes in the limiting process as ε→ 0.
As is well known in the singular perturbation theory, boundary layer or fast
oscillation phenomenon might occur which prevent the convergence of (17) to
the solution of (19) as ε → 0. In this section, we claim that neither of them
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will appear in the above approximation. Toward this end, we first present
the comparison between the two linearization problems with boundary value
conditions:

− ε∂
2u

∂x2
+
∂u

∂x
= Bu,

u′(L) = u′(0), u(0) = u0,

(20)

and
∂u

∂x
= Bu, u(0) = u0. (21)

We denote the solution of (20) by u = Φ(x)u0, where Φ(x) will be defined in
the lemma below, while the solution of (21) can be expressed as u = eBxu0.

Lemma 4 For 0 << ε < 1, we have

Φ(x)u0 − eBxu0 = O(ε)u0,

Φ′(x)u0 −BeBxu0 = O(1)u0,
(22)

where O(·) is uniform with respect to the size of u0 and ε.

Proof To prove (22), we first recall that there are two negative eigenvalues of
B, denoted by Λi, i = 1, 2, the corresponding eigenvectors are P1, P2. We let
P = [P1 P2]. So with matrix P , we have

B = Pdiag(Λ1, Λ2)P−1,

and eBxu0 can be written as

eBx = Pdiag(eΛ1x, eΛ2x)P−1.

Back to model (20), introduce u′ = v, then the model turns out to be the
augmented system:

u′ = v, v′ = −1

ε
Bu+

1

ε
v,

or equivalently (
u
v

)′
= B

(
u
v

)
,

where

B =

 0 I

− 1
εB

1
εI

 .

The characteristic equation of the above system is

det|ελ2 − λ+B| = 0,

which leads to
ελ2 − λ+ Λi = 0, i = 1, 2.
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We denote the eigenvalues of order O(1) by

λ0i = Λi +O(ε),

corresponding eigenvectors are (Pi, λ
0
iP )t and eigenvalues of order O(1/ε),

λεi =
1

ε
− Λi +O(ε),

corresponding eigenvectors are (Pi, λ
0
iPi)

t. We introduce following diagonal
matrices, D0 = diag(λ01, λ

0
2), and Dε = diag(λε1, λ

ε
2). Let

P =

(
P1 P2 P1 P2

λ01P1 λ
0
2P2 λ

ε
1P1 λ

ε
2P2

)
=

(
P 0
0 P

)
·
(

I I
D0 Dε

)
.

A straightforward computation leads to

P−1 =

 Dε

Dε−D0
− I
Dε−D0

− D0

Dε−D0

I
Dε−D0

 · (P−1 0
0 P−1

)
.

Then the solution can be written

eBx
(
u0
v0

)
= P

(
eD0x 0

0 eDεx

)
P−1

(
u0
v0

)

=

(
P 0
0 P

) Dεe
D0x−D0e

Dεx

Dε−D0

eDεx−eD0x

Dε−D0

DεD0(e
D0x−eDεx)

Dε−D0

Dεe
Dεx−D0e

D0x

Dε−D0

(P−1 0
0 P−1

)(
u0
v0

)
.

From the computation we introduce matrix blocks of eBx:

eBx =

(
D11(x) D12(x)
D21(x) D22(x)

)
.

The definitions of Dij(x) are self-evident, and the following identities hold

D21(x) = D′11(x), D22(x) = D′12(x).

Let (
uε(x)
vε(x)

)
= eBx

(
uε(0)
vε(0)

)
.

Then by boundary condition vε(0) = vε(L), and vε(0) = (I−D22(L))−1D21(L)uε(0),
we have

uε(x) = [D11(x) +D12(x)(I−D22(L))−1D21(L)]uε(0) = Φ(x)uε(0).

and

vε(x) = u′ε(x).
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By the boundary constraint that u′(0) = u′(L), we have the equation on v0:

v0 =
DεD0(eD0L − eDεL)

Dε(I− eDεL)−D0(I− eD0L)
u0 = (I +O(e−DεL))D0u0.

Plugging it into the solution, we obtain

uε(x) = (eBx +O(ε))u0,

and

vε(x) = (BeBx +O(1))u0,

which together imply the comparison. �

Here we introduce some a priori estimates on the solution to the non-homogeneous
system with singular parameter ε > 0.

− ε∂
2u

∂x2
+
∂u

∂x
= Bu+ g(x),

u′(L) = u′(0), u(0) = 0.

(23)

and
∂u

∂x
= Bu+ g(x), u(0) = 0. (24)

We denote the solution of (23) by u = [Sg](x) while the solution of (24) can
be expressed as u =

∫ x
0
eB(x−y)g(y)dy.

Lemma 5 For 0 << ε < 1,

[Sg](x)−
∫ x

0

eB(x−y)g(y)dy = O(ε)

∫ x

0

eB(x−y)g(y)dy

+O(1)

∫ L

x

eDε(x−y)g(y)dy +O(1)eD0x

∫ L

0

e−Dεyg(y)dy

+O(ε)e−Dε(L−x)
∫ x

0

eD0(L−y)g(y)dy,

(25)

where O(·) is uniform with respect to the size of u0 and ε.

Proof In the following, without loss of generality we can assume that P = I.
Otherwise we can consider the linear transformation P−1u, P−1v. First we
introduce the equivalent augmented system:(

Uε(x)
Vε(x)

)′
= B

(
Uε(x)
Vε(x)

)
−
(

0
1
εg(x)

)
.

We have

Vε(x) = D22(x)Vε(0)− 1

ε

∫ x

0

D22(x− y)g(y)dy.
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and the boundary condition Vε(0) = Vε(L) yields

Vε(0) = −1

ε
(I−D22(L))−1

∫ L

0

D22(L− y)g(y)dy.

Then Uε can be solved as

Uε(x) = −1

ε
D12(x)(I−D22(L))−1

∫ L

0

D22(L− y)g(y)dy

− 1

ε

∫ x

0

D12(x− y)g(y)dy = −I1 + I2 − I3 + I4,

where

I1 =
1

ε
D12(x)(I−D22(L))−1

∫ L

0

Dεe
Dε(L−y)

Dε −D0
g(y)dy,

I2 =
1

ε
D12(x)(I−D22(L))−1

∫ L

0

D0e
D0(L−y)

Dε −D0
g(y)dy,

I3 =
1

ε

∫ x

0

eDε(x−y)

Dε −D0
g(y)dy,

I4 =
1

ε

∫ x

0

eD0(x−y)

Dε −D0
g(y)dy.

We observe that

(I−D22(L))−1 = −(Dε −D0)D−1ε e−DεL(I +O(e−DεL)).

We focus on the singular term which contains eDεx. Therefore

I1 =
1

ε

eDεx − eD0x

Dε −D0
(I +O(e−DεL))(Dε −D0)D−1ε e−DεL

∫ L

0

Dεe
Dε(L−y)

Dε −D0
g(y)dy

=
1

ε
(I +O(e−DεL))(I− e−(Dε−D0)x)

∫ L

0

eDε(x−y)

Dε −D0
g(y)dy.

Then we have

I1 + I3 = −1

ε

∫ L

x

eDε(x−y)

Dε −D0
g(y)dy +

1

ε
O(e−(Dε−D0)x)

∫ L

0

eDε(x−y)

Dε −D0
g(y)dy

= O(1)

∫ L

x

eDε(x−y)g(y)dy +O(1)eD0x

∫ L

0

e−Dεyg(y)dy.

It is trivial to derive that

I2 = O(ε)e−Dε(L−x)
∫ L

0

D0e
D0(L−y)g(y)dy,

and

I4 = (1 +O(ε))

∫ x

0

eD0(x−y)g(y)dy.

Then the estimates on Ii, i = 1, 2, 3, 4, imply (25). The proof is completed. �
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Then for the nonlinear system (17), we can write the solution as an integral
equation by Duhammel principle:

Uε(x) = (I−D11(x))u? +D11(x)u0 +D12(x)v0 −
1

ε

∫ x

0

D12(x− y)F (Uε(y))dy,

Vε(x) = −D21(x)u? +D21(x)u0 +D22(x)v0 −
1

ε

∫ x

0

D22(x− y)F (Uε(y))dy.

By utilization of the boundary condition Vε(0) = Vε(L), we obtain an equation
on v0:

v0 = −(I−D22(L))−1D21(L)u? + (I−D22(L))−1D21(L)u0

− 1

ε
((I−D22(L))−1

∫ L

0

D22(L− y)F (Uε(y))dy.

Plugging v0 into Uε(x)leads to the integral equation on Uε(x):

Uε(x) = (I− Φ(x))u? + Φ(x)u0

− 1

ε
D12(x)(I−D22(L))−1

∫ L

0

D22(L− y)F (Uε(y))dy

− 1

ε

∫ x

0

D12(x− y)F (Uε(y))dy.

Furthermore by the boundary condition Uε(L) = DUε(0), an closed integral
equation on Uε(x) shall be derived

u0 = (D − E(L))−1(I− E(L))u?

− 1

ε
(D − E(L))−1D12(L)(I−D22(L))−1

∫ L

0

D22(L− y)F (Uε(y))dy

− 1

ε
(D − E(L))−1

∫ L

0

D12(L− y)F (Uε(y))dy,

Uε(x) = u? + Φ(x)(D − E(L))−1(I−D)u?

− 1

ε
Φ(x)(D − E(L))−1D12(L)(I−D22(L))−1

∫ L

0

D22(L− y)F (Uε(y))dy

− 1

ε
D12(x)(I−D22(L))−1

∫ L

0

D22(L− y)F (Uε(y))dy

− 1

ε
Φ(x)(D − E(L))−1

∫ L

0

D12(L− y)F (Uε(y))dy

− 1

ε

∫ x

0

D12(x− y)F (Uε(y))dy

= U0
ε (x) + U1

ε (x) + U2
ε (x).

(26)
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We make some comments on U iε, i = 0, 1, 2. First

U0
ε (x) = u? + Φ(x)(D − E(L))−1(I−D)u? = u? + ξ?ε (x),

which satisfies the following system:

−ε∂
2u

∂x2
+
∂u

∂x
= B(u− u?), u′(0) = u′(L), u(L) = Du(0). (27)

and

U2
ε (x) = [SF (Uε(·)](x)

= −1

ε
D12(x)(I−D22(L))−1

∫ L

0

D22(L− y)F (Uε(y))dy

− 1

ε

∫ x

0

D12(x− y)F (Uε(y))dy,

which satisfies the system of differential equations:

−ε∂
2u

∂x2
+
∂u

∂x
= Bu+ F (Uε(y)), u′(0) = u′(L), u(0) = 0. (28)

Lastly,

U1
ε (x) = Φ(x)(D − E(L))−1[SF (Uε(·))](L)

=− 1

ε
Φ(x)(D − E(L))−1D12(L)(I−D22(L))−1

∫ L

0

D22(L− y)F (Uε(y))dy

− 1

ε
Φ(x)(D − E(L))−1

∫ L

0

D12(L− y)F (Uε(y))dy,

which satisfies the following equations:

−ε∂
2u

∂x2
+
∂u

∂x
= Bu, u′(0) = u′(L), u(0) = (D − E(L))−1[SF (Uε(·))](L).

(29)
It is easy to check that U1

ε + U2
ε satisfies the boundary condition

U1
ε (L) + U2

ε (L) = D(U1
ε (0) + U2

ε (0)).

In this sense U2
ε is a modification on the boundary value of U1

ε so that the
boundary condition u(L) = Du(0) is secured. Similarly in the expression of
U2
ε the first term is the modification of the boundary value of the second term

so that the boundary condition u′(0) = u′(L) is guaranteed.
Similar to the existence of steady state solution to (6), we define the non-

linear operator Tε from C([0, L])2 to itself by setting TεUε as the right hand
side in the above equality. Then our task is to prove the existence of fixed
point of nonlinear operator Tε in C([0, l])2. To this end we introduce the ball
Brε(u?), then prove that TεBrε(u?) ⊂ Brε(u?). We are in a position to prove
the main results in this section.
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Theorem 4 Assume that

4‖ξ?ε‖∞Lk(‖(D − E(L))−1‖2 + 1) ≤ 1.

Let

rε =
1−

√
1− 4‖ξ?ε‖∞Lk(‖(D − E(L))−1‖2 + 1)

2
.

Then, for any U ∈ Brε(u?),

‖TεU−u?‖∞ ≤ ‖(D−E(L))−1(I−Du?)‖2+Lk(‖(D−E(L))−1‖2+1)r2ε ≤ rε,

there exists a steady solution, denoted by Uε(x), to the evolution equation (1),
which satisfies

‖Uε − u?‖∞ ≤ rε.

Moreover we have the convergence Uε → u in the L∞ norm as ε → 0, where
the u is the steady state obtained in Theorem 2.

Proof The proof can be carried out along the same approach to the proof of
Theorem 2 with the aid of Lemma 4 and Lemma 5. So we omit the details. �

7 Numerical simulations

In this section, we perform numerical simulations using reasonable parameters
identified in the literature and attempt to model the glucose-insulin regulatory
system spatially. Following Table 1 lists the ranges of parameters of Model (1)
and the references from which the ranges are determined.

Table 1 Ranges of parameters in Model (1).

Parameters Values Units References

c 0.5–9 cm/min Nyman et al (2010, Fig. 5C)
b 9 mM2 DeGaetano and Arino (2000); Li et al (2011)
L 15 cm Estimated
Gin 0.06 mM Li et al (2006); Sturis et al (1991)
a 10−5 mM/pM DeGaetano and Arino (2000); Li et al (2011)
σ 15 pM/mM Li et al (2011); Wang et al (2011)
di 0.04 min−1 Li et al (2006)
α1 1 physiology fact
α2 2 physiology fact

As discussed at the begining of Section 4, the velocity of blood flow is
assumed to be 1 cm/min for simplicity in this analytical study. In simulations,
we take the velocities from Nyman et al (2010) as follows. For hypoglycemic
case, c is in the range from 50 to 500 µm/s with mean at 100 µm/s, which
can be converted to the range from 0.5 cm/min to 3 cm/s. For the case of
hyperglycemia, the range is from 100 to 1500 µm/s with mean 700 µm/s, or,
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Fig. 1 Distribution of insulin and glucose in pancreas for c = 0.5.

equivalently, 3 cm/min to 9 cm/min with mean at 4.2 cm/min. We also assume
that the length of pancreas is 15 cm.

Theorem 2 and Theorem 4 provide not only the theoretical existence for
the steady solutions with and without small diffusion, but also the numerical
scheme for tracking the steady solutions through iterations. We use Theorem 4
as an example. Initially we set up u0 = U0

ε , which is corresponding to solving
differential equation (27), and un+1 = Tεu

n, which equivalently amounts to
solving the differential equations (27) and (28).
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Fig. 2 Distribution of insulin and glucose in pancreas for c = 3.
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We simulated various cases for the velocity of blood flow in pancreas ac-
cording to the measurements in Nyman et al (2010). For hyperglycemic case,
the velocity is as fast up to c = 9 cm/min with mean value at c = 4.2 cm/min.
For hypoglycemic case, the velocity can be as slow as c = 0.5 cm/min while
the mean value is at c = 3 cm/min.
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Fig. 3 Distribution of insulin and glucose in pancreas for c = 4.2.

In Fig. 1, when c = 0.5 cm/min, glucose concentration is at about 3.3 mM
while insulin concentration increases along the pancreas from tail to head. The
increase is quicker in the tail and slower in the head area in the range about
112 pmol and 220 pmol.

When the velocity is at the average for hypoglycemic case (see Fig. 2),
c = 0.3 cm/min, glucose level is in the range of 6 mM. Insulin concentration
increases in similar manner but near linearly from about 65 pmol to 128 pmol.

In contrast, in Fig. 3, when c = 4.2 cm/min, the average velocity in the
hyperglycemic situation, the glucose level at 7 mM while insulin concentration
increases nearly linearly from 56 pmol to 112 pmol. When the velocity is c = 9
cm/min for extrem hyperglycimea, the glucose contration is at about 9.8 mM
with nearly linearly increasing insulin concentration from 40 pmol to 80 pmol
(see Fig. 4).

We can also calculate the diffusion rate ε from Nyman et al (2010). How-
ever, since we have proved that a small diffusion rate does not disturb the
dominance of the convection, we omit numerical simulations.

8 Discussions

We studied the distribution of insulin in pancreas using a novel PDE model.
We showed analytically that a small diffusion contribution ε > 0 does not
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Fig. 4 Distribution of insulin and glucose in pancreas for c = 9.

contribute to the spatial distribution of glucose and insulin along the pan-
creas. So our focus is on the case ε = 0. In this case, analytically the steady
state solution exists and it is stable. Numerically, with physiologically reason-
able parameters obtained from the literature, we demonstrated profiles of the
distributions of both insulin and glucose. The simulations reveal that when
glucose level is lower, which implies that the velocity of blood flow is slower,
insulin concentration increases along pancreas from quicker to slower. When
glucose level is higher, the velocity is faster and insulin concentration level
increases nearly linearly. This is in agreement with the findings in Nyman et
al (2010) for blood flow velocities vs. the glucose concentration levels.

Due to the current lack of sufficient technology, such distributions can-
not be tested by experiments. However, the profiles demonstrates reasonable
and interesting distributions in agreement with the experiments performed by
Nyman et al (2010) and other basic physiological facts, for example, insulin
concentration level is doubled at the head to the tail. It reveals that the length
of pancreas or relatively the velocity of blood flux plays an important role for
the distribution of insulin in pancreas.
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