MATH 205: Sample Final Exam
Problem Solutions

Here are solutions to the sample final exam problems.
Please let me know about mistakes and typos.
1. Differentiate the following functions.
(a) fz) = (2 +1)
f(x) = da(2® + 1)

sint
b) g(t) = ————
(b) 9(t) 14 cost
() = cost(l + cost) — sint(—sint)
g = (14 cost)?
- 1+ cos®t +sin’t
(1+ cost)?

_ 1

(14 cost)?
(©) h(w) ="

h(w) _ ewlnw
W (w) = (Inx)e” ™ = 2% Inx
(d) =+ zy =e® (Find dy/dx.)
L+y+ay =(y+ay)e™
2y (1 —e™) =ye™ —y —1

p_ye —y—1
v z(1l —e®v)

(e) e(t) = Insint?

2t cos t2
/ _ _ 2
e'(t) = e 2t cot t
(f) p(t) = logs, t?
3Int
t) =31 t=—
p( ) 3 Og3t h'l 3t
3In3t _ 9Int
/ t) = t 3t
Pt) (In 3t)2
3In3

t(In 3t)2

2. If y = 10%, then find y"(0).

y = emlnlO

y/ (ln 10)€$ In10
" (11’1 10)261' In10
(

y
y"(0) = (In10)?

3. Find an equation of the tangent line to y = 2% —

9z +1 at = 0. Use the tangent line to estimate
the value of y when x = 0.1.

SoLUTION. Find the slope of the tangent line at
(0,1): ¥y =322 -9 = ¢/(0) = —9. From the
point-slope formula, the tangent line is

y—1=-9(z=0) = y=—-9z+1.

The estimate is the y-coordinate on the tangent
line when z = 0.1

y(0.1) = —9(0.1) + 1 = 0.1.

4. A softball diamond has the shape of a square

with sides 60 feet long. If a player is running

from second to third at 24 ft/sec, then how fast

is her distance from first base changing when she

is 20 feet past second base?

SOLUTION. Let = and y be the distances of the

runner from second and first bases, respectively.
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z? 4+ 60% = ¢2 (1)



Want: dy/dt when x = 20 and y = 20+/10.
Differentiate (1)

dz dy dy 24z
2r— = 2y—~ ===
i Ve T w
so that
dy _24x20 24 i /s
dt|, 0y 20VI0 VIO

. A field is to be made into the shape of a rect-
angle. This field is to be further subdivided into
three smaller rectangles by placing two fences
parallel to one of the sides. If 1000 m of fenc-
ing are to be used, then what is the area of the
largest such field?

SOLUTION. Let h and w be the outer dimensions
of the field and A be its area.

Know: 2w + 4h = 1000 — w = 500 — 2h

A=hw = A= h(500 — 2h) = 500h — 2h*
Want: The maximum of A for 0 < h < 250.
A’'(h) =500 — 4h

The only critical number occurs when h = 125.
This is clearly where the maximum area occurs
because A”(h) = —4 < 0 everywhere. (Or, just
note the graph of A(h) is a parabola opening
downward.) Finally, A(125) = 31250 m?.

. Graph f(z) = ﬁ + x + 1, showing all impor-
tant details such as critical points, concavity and

7.

asymptotes. On what intervals is this function

decreasing?

SoLuTION. First, note the function has a vertical
asymptote at x = —2 and y = x+1 is an oblique
asymptote.

~1 2

f(x) = erla f(x) = @127

From the first derivative we get critical
numbers at x = -—3,—2,—1 and the sec-
ond derivative gives a possible inflection

point at * = —2. The sign distribution is
summarized on the number line shown below.
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On the graph given above, the blue line is the
oblique asymptote.

Find the maximum and minimum values of y =
x* — 522 + 4 on the interval [1,2].

SOLUTION. Since 3y’ = 423 — 10z = 2x(222 — 5)
we see y' = 0 when z = 0,£4/5/2. The only
solution in the domain is \/m Note that
f(l) =0, f(\/%) = _9/47 f(2) = 0, so the

maximum is 0 and the minimum is —9/4.



8. True or false?

(a) exp(Inx) = z for every real number .
False. When = < 0 the left-hand side is
undefined.

(b) In(exp(x)) = z for every real number x.
True.

(¢) If f is continuous, then f is differentiable.
False. Consider f(z) = |x|.

(d) If f is differentiable, then f is continuous.
True.

(e) If f'(x) > 0 for all x, then f has no relative
maxima.

True.

9. Acceleration due to gravity on the moon is ap-
proximately 5.3 ft/sec?. How long does it take
an object to hit the moon if it is dropped from
a height of 10 feet?

SOLUTION. The stated conditions give rise to the
initial value problem
s"(t) = —5.3, §'(0) =0, s(0) = 10.
Its solution is given by the following:
s'(t) = =5.3t + C4
0=5(0)—C; = §'(t) =—5.3t
-5.3
s(t) = th +Cy
—5.3 ,
10=35(0) =Cy = s(t) = Tt +10
To find out when the object hits the moon, solve
s(t) =0 to see t =2/ s.
10. A conical tank with its vertex pointing down has

height 4 m and radius 1 m at the top. Oil flows
in at the rate of 0.05 m®/min. When the depth is
2 m, how fast is the level rising? (The volume of
a right circular cone of base radius r and height
his V = fmr?h.)

SOLUTION. Let V' be the volume of the oil in the

tank h be its depth and r be the radius of its
surface.
1
L
T 4
T
Know: ﬂ = i
dt 20
1_r__ . _&
4 h 4
mr2h wh3
=3 = V=&
Want: % when h = 2
av _ xh? dh
dt 16 dt
When h = 2,
1 dwdh b L
20 16 dt dt 57
11. Evaluate the following limits
2
(a) lim T
z—0 tan 3z
. T 2
lim =lim ————— ==
z—0tan3x 2—03sec23z 3

(b) limg, .o €% /x?

. € e
lim — = —
xr— 00 1’4 Tr— 00 4x3
xT xr
= lim = lim
eﬂ?
= lim — =
. xr + tanx
(c) limy_g —
sinz
. r-+tanz . l4sec?z
lim - = lim =2
r—0 sinz z—0  COSXT



12.

13.

Express the following limit as a definite integral
on the interval [1,7].

SOLUTION. The iterating function is

f(zn)  3(ah+1)
n 6 Tp+l = Tn — f'(x) = 473 + 1
lim ™ (207 +3y/a7) - " "
T " Letting o = —1 gives the following sequence:

SOLUTION. ff(?x +3yx)dx

You wish to fence in a rectangular pasture of
30,000 square feet, with one side on a neighbor’s
lot. If the neighbor agrees to pay for half the cost
of the fence that abuts his lot, what dimensions
for the fence will minimize your cost?

SOLUTION. Suppose the dimensions of the rect-
angle are h and w, where the neighbor shares a
side of length w. Let C be the total cost and
fencing costs a dollars per foot.

—1.,-2.,—1.64516, —1.48572, —1.45381,
— 1.45263, —1.45263, —1.45263, —1.45263

Letting x¢o = 1 gives the following sequence:
1.,1.2,1.16542, 1.16404, 1.16404, 1.16404
Both of these are accurate to 5 decimal places.

15. Differentiate each of the following

1
7
— T
(a) y 2T VT 7

W y =725+ V7
h (b) y = 2tan?x —sec’x
- y = 2sec’ xtanx
neighbor

Know: hw = 30000 = h = 30000/w

(¢) y = (2 cot 5x)/3

, 2z cot(5x) — ba? esc? (5x)

2 2/3
3¢ 60000a  3a 3 (22 cot(52))
C=2ah+ —w= + —w
2 w 2 (d) y=logy(z?/2)
Want: The minimum of C for w > 0. ) 2
600000 3a T ZIn2
C'(w) = — 22
(w) 2 5

C'(w) =0 = w =200

— -1 1
() y=ttan™'t — 5 Int

t . 1
Since Y = 241 +tan” (1) — o
12 . .
() = 2200 6 s 0 16. Simplify (log, z)/(log, ).
w

it follows that w = 200 must be where a min-
imum occurs. This shows the field should be

logyz  Inz/In4  Inz/(2In2) 1

Inz/In2 2

logoz Inz/In2

150 > 200 with the long side facing the neighbor. 17y the moon the acceleration of gravity is 1.6

m/sec?. If a rock is dropped into a crevasse, how
fast will it be going just before it hits bottom 30
sec later?

14. Use Newton’s method to estimate the two zeros
of the function f(z) = z* + 2 — 3. Start with
zog = —1 for the zero on the left and zg = 1 for

the zero on the right. SOLUTION. 1.6 x 30 = 48 m/sec?



18. Do the following antiderivatives.

o ffog) o

2 —1/4
[ (o) -

2 3/4
Y Y
—8L _927 _
82 3/4+C

=4y2 _ §y3/4+0

x ! x 2
=— 4 —+4+C
-1 + —2 +

—1 1
= — — C
x 222 +

(c) /(—3 csc? ) da

/(73csc2:1:)dx: 3cotz +C

19. If f"(z) = —1, f(0) = =5 and f(0) = 2, then

find f(z).

SOLUTION.

f(z) = / (1) de = -2+ C

5= f(0)=C = fl(a)=—z—5
2

f(x):/(—x—5)dx:—%—5x+6'2

1’2
2=f(0)=C = f(r)=—75 —5a+2

20. Given the three functions F(z) = 2 Sinz + C,

2

Fy(z) = —xcosz + C and Fs5(z) = —xcosz +

sinx + C, which is the antiderivative for f(z)
xsinz? Explain your answer.

SOLUTION. The answer is F5 because Fj(z)

f(@).

21.

22.

A particle moves on a number line with acceler-
ation a = 15v/t—3/+/t, subject to the conditions
that ds/dt = 4 and s = 0 when ¢ = 1. Find the
position function s.

SOLUTION. The conditions of the problem give
rise to the initial value problem

s"(t) = 15Vt — 3/Vt, §'(1) =4, s(1) = 0.

Antidifferentiating and using the first initial con-
dition gives

§'(t) = /s”(t) dt =10t3/2 — 6t'/2 + ¢4

4281(1):44—01 = (1 =0
s'(t) = 10632 — 6t1/2

Do the same with s’
s(t) = /s’(t) dt = 4t°/% — at®/? 4 ¢,
0=s(1)=Cy = s(t) =4t/ — 4¢3/?
Find a value of ¢ satisfying the conclusion of the

Mean Value Theorem for the function f(z) =
v& — 1 on the interval [1, 3].

SOLUTION.
f3)—=f(1)=f(c)(3-1)
2
\[_ 0= 2ve—1
3
“T3

. Graph the function y = 2* — 42® + 10. Be sure

to label critical points and inflection points.

SoLUTION. First, find the critical numbers.

y' = 4da® — 122 = 42%(x — 3)

x = 0,3 are the critical numbers
Next, find the possible inflection points.

y' =423 —122% = 12z(z — 1)

x = 0,1 are the possible inflection points
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