Chapter 7

Differentiation

7.1 The Derivative at a Point

Definition 7.1.1. Let f be a function on a neighborhood of xq. f is differen-
tiable at xq, if the following limit exists:

(@) = lim f(zo+h)— f(xo)'

h—0 h

Define D(f) = {z : f'(x) exists}.
The standard notations for the derivative will be used; e. g., f'(x), d{g) , Df(x),
etc.

An equivalent way of stating this definition is to note that if g € D(f),

then
f/(xo) — lim f(SU) B f(.'lfo) )

T—xT0 T — X

This can be interpreted in the standard way as the limiting slope of the
secant line as the points of intersection approach each other.

Ezample 7.1.1. If f(x) = c for all = and some ¢ € R, then

f(xo+h) — f(xo) c—c

i £ IO o
So, f'(x) = 0 everywhere.
Ezample 7.1.2. If f(x) = x, then
lim flzo+h) = flxo) _ limm _ hmﬁ 1
h—0 h h—0 h h—0 h
So, f'(x) = 1 everywhere.
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7-2 CHAPTER 7. DIFFERENTIATION

Theorem 7.1.1. For any function f, D(f) C C(f).
Proof. Suppose z¢ € D(f). Then

lim |f(z) - f(zo)| = lim |TE=IE) (o
T—xo T—To Tr — X
= f/(l'o) 0=0.
This shows lim,_.,, f(x) = f(z0), and g € C(f). O

Of course, the converse of Theorem 7.1.1 is not true.
Ezample 7.1.3. The function f(z) = |z| is continuous on R, but

p FOAR) = FO) L F0+R) = £(0)
h10 h h10 h

)

so f/(0) fails to exist.

Theorem 7.1.1 and Example 7.1.3 show that differentiability is a strictly
stronger condition than continuity. For a long time most mathematicians thought
that every continuous function must certainly be differentiable at some point.
In 1872, Karl Weierstrass presented a function continuous on R which is dif-
ferentiable nowhere.? It has since been proved that the “typical” continuous
function is nowhere differentiable. So, contrary to the impression left by many
beginning calculus classes, differentiability is the exception rather than the rule.

The next few theorems contain the standard differentiation rules.

Theorem 7.1.2. Suppose f and g are functions such that xo € D(f) N D(g).
(a) xo € D(f +g) and (f + g)'(x0) = f'(z0) + ¢ (20).
(b) If a € R, then o € D(af) and (af) (zo) = af’(xo).
(¢) zo € D(fg) and (fg9)'(x0) = ['(z0)g(x0) + f(20)g (x0)-
(@) If g(xo) # 0, then zo € D(f/g) and

(f) (o) = f'(x0)g(x0) — f(wo)g' (o)
g (9(20))? '

Proof. (a)
lim (f +9)(xo + h})l — (f +9)(=0)
~ lim fwo+h) + g(xo +hh) — f(#0) — g(x0)
= lim (f(wo + h})b P AC NG h})L - g(:vo)) — f(w0) + o' (0)

2A translation of Weierstrass’ original paper [6] is presented by Edgar [2]. Weierstrass’
example is not very transparent because it depends on trigonometric series. Many more
elementary constructions have since been made. One such will be presented in Example 9.5.1.
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Section 7.1: Differentiation 7-3

(b)
(af)(wo+h) = (af)(xo) _ . fleo+h)—=flzo) _
ey T el )
(©)
iy (9 @o+h) = (f9)(wo) _ . fzo+h)g(zo+h) = f(xo)g(ao)
h—0 h h—0 h

Now, “slip a 0” into the numerator and factor the fraction.

— lim f(zo + h)g(wo + h) — f(wo)g(wo + h) + f(wo)g(wo + h) — f(w0)g(w0)
h—0 h

- lim (f(xo +h) — f(zo)

9(zo +h) + f(z0)

h

g(xo +h) — 9(560))
h—0 h

Finally, use the definition of the derivative and the continuity of f and g at xzg.

= f'(z0)g(x0) + f(x0)g (x0)

(d) It will be proved that if g(xq) # 0, then (1/g)'(z0) = —¢'(z0)/(g(z0))?. This
statement, combined with (c), yields (d).

1 1
iy /9) (@0 + ) = (1/g)(wo) _ . glwo+h)  glxo)
h—0 h h—0 h
iy 9(%0) —g(xo + 1) 1
h—0 h g(xo + h)g(xo)
__9'(xo)
(9(z0)?
Plug this into (c) to see
! 1 !
() (z0) = (fg) (o)
— g 1 T —g/({Eo)
=0 gy T ) G2
f'(w0)g(x0) — f(20)g' (70)

O

Combining Examples 7.1.1 and 7.1.2 with Theorem 7.1.2, the following the-
orem is easy to prove.

Theorem 7.1.3. A rational function is differentiable at every point of its do-
main.
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7-4 CHAPTER 7. DIFFERENTIATION

Theorem 7.1.4 (Chain Rule). If f and g are functions such that xo € D(f)
and f(xzo) € D(g), then zg € D(go f) and (go f)' (zo) = ¢' o f(x0)f'(z0).

Proof. Let yo = f(zg). By assumption, there is an open interval J containing
f(zo) such that g is defined on J. Since J is open and zy € C(f), there is an

open interval I containing xo such that f(I) C J.
Define h: J — R by

{g(y)—g(yo) -9 (), y# v '
0, Y=Y

Since yo € D(f), we see
lim h(y) = lim 98 = 90)
Y—Yo Y—Yo Y — Yo

so yo € C(h). Now, zg € C(f) and f(xo) = yo € C(h), so Theorem 6.3.6 implies
xo € C(ho f). In particular

— 4 () = ¢'(v0) — ¢'(y0) = 0 = R(0),

lim ho f(x) =0. (7.1)

T—T0

From the definition of ho f for x € I with f(z) # f(x0), we can solve for

go f(x)—go flxo) = (ho f(z) +g o f(x0))(f(z) — f(z0)).  (7:2)

Notice that (7.2) is also true when f(z) = f(x0). Divide both sides of (7.2) by
x — xo, and use (7.1) to obtain

go f(x) —go flxo) f(x) = f(xo)

Jim pra—— =wli_{{vlo(h°f(x)+9'0f(ffo)) pra—
= (0+4g" o f(z0))f (x0)
=g' o f(xo)f (o).

O

Theorem 7.1.5. Suppose f : (a,b) — (c,d) is continuous and invertible. If
zo € D(f) and f'(zg) # O for some ¢ € (a,b), then f(zo) € D(f~!) and

li
(f71) (f(z0)) = 1/f' (o).
Proof. Let yo = f(xp) and suppose y, is any sequence in f([a,b]) \ {yo} con-
verging to yo and z,, = f~1(y,). By Theorem 6.5.5, f~! is continuous, so

2o =f""(yo) = lim f~'(yn) = lim .

Therefore,

S yn) = (yo)
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7.2. DERIVATIVES AND EXTREME POINTS 7-5

Example 7.1.4. Tt follows easily from Theorem 7.1.2 that f(z) = 2® is differen-
tiable everywhere with f’(z) = 3z%. Define g(z) = ¢/z. Then g(z) = f~(z).
Suppose g(yo) = xo for some yg € R. According to Theorem 7.1.5,

1 1 1 1 1

00 = Py =33~ B P

In the same manner as Example 7.1.4, the following corollary can be proved.

Corollary 7.1.6. Suppose ¢ € Q, f(x) = x? and D is the domain of f. Then
f(x) = qzit on the set

D, when q > 1
D\ {0}, wheng<1’

7.2 Derivatives and Extreme Points

As is learned in calculus, the derivative is a powerful tool for determining the
behavior of functions. The following theorems form the basis for much of dif-
ferential calculus. First, we state a few familiar definitions.

Definition 7.2.1. Suppose f : D — R and zop € D. f is said to have a
relative maximum at zo if there is a 6 > 0 such that f(z) < f(xg) for all
x € (xg — 0,zo + 0) N D. f has a relative minimum at xo if —f has a relative
maximum at xg. If f has either a relative maximum or a relative minimum at
xg, then it is said that f has a relative extreme value at xq.

The absolute mazimum of f occurs at zq if f(x9) > f(x) for all x € D. The
definitions of absolute minimum and absolute extreme are analogous.

Examples like f(z) = x on (0,1) show that even the nicest functions need
not have relative extrema. Corollary 6.5.4 shows that if D is compact, then any
continuous function defined on D assumes both an absolute maximum and an
absolute minimum on D.

Theorem 7.2.1. Suppose f : (a,b) — R. If f has a relative extreme value at
xo and xo € D(f), then f'(xg) = 0.

Proof. Suppose f(xg) is a relative maximum value of f. Then there must be a
0 > 0 such that f(x) < f(xzg) whenever x € (xg — 0,0+ ). Since f'(x¢) exists,

T e (1‘0—6,560) - M <0 = f’(xo): lim M <0
T — Zo zTzo r — X9
(7.3)
and
x € (9,20 +6) = (@) = (o) >0 = f'(z0) = lim f(z) = f(x0) > 0.
T — Zo zlzo T — g (7 4)

Combining (7.3) and (7.4) shows f’(zo) = 0.
If f(xo) is a relative minimum value of f, apply the previous argument to
—f. O
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7-6 CHAPTER 7. DIFFERENTIATION

Theorem 7.2.1 is, of course, the basis for much of a beginning calculus course.
If f:[a,b] — R, then the extreme values of f occur at points of the set

C={z€(ab): f'(z) =0} U{z € [a,b]: f'(x) does not exist}.

The elements of C' are often called the critical points or critical numbers of f
on [a,b]. To find the maximum and minimum values of f on [a, b], it suffices to
find its maximum and minimum on the smaller set C', which is usually finite in
most elementary calculus courses.

7.3 Differentiable Functions

Differentiation becomes most useful when a function has a derivative at each
point of an interval.

Definition 7.3.1. The function f is differentiable on an open interval I if
I C D(f). If f is differentiable on its domain, then it is said to be differentiable.
In this case, the function f’ is called the derivative of f.

The fundamental theorem about differentiable functions is the Mean Value
Theorem. Following is its simplest form.

Lemma 7.3.1 (Rolle’s Theorem). If f : [a,b] — R is continuous on [a,b],
differentiable on (a,b) and f(a) =0 = f(b), then there is a ¢ € (a,b) such that
f'(c) = 0.

Proof. Since [a, b] is compact, Corollary 6.5.4 implies the existence of z,,, zpr €
[a,b] such that f(x,,) < f(x) < f(ap) for all € [a,b]. If f(am,) = f(zum),
then f is constant on [a,b] and any ¢ € (a,b) satisfies the lemma. Otherwise,
either f(x,,) < 0 or f(xp) > 0. If f(z,,) <0, then x,, € (a,b) and Theorem
7.2.1 implies f'(zy,) = 0. If f(zar) > 0, then zp € (a,b) and Theorem 7.2.1
implies f/'(zp) = 0. O

Rolle’s Theorem is used to prove the more powerful versions of the Mean
Value Theorem. The following two propositions are the most common. The

second is the version of the Mean Value Theorem appearing in most calculus
books.

Theorem 7.3.2 (Cauchy Mean Value Theorem*). If f : [a,b] — R and g :
[a,b] — R are such that f and g are continuous on [a,b] and differentiable on
(a,b), then there is a ¢ € (a,b) such that

3May 1, 2009 (©Lee Larson (LLarson@Louisville.edu)
4Theorem 7.3.2 is also often called the Generalized Mean Value Theorem.
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slope = fji(b);]j(a)
(a.fla))
(bf(b))
a c b

Figure 7.1: This is a “picture proof” of Corollary 7.3.3.

Proof. Let

h(z) = (9(b) — g(a))(f(a) — f(2)) + (9(x) — g(a))(f(b) — f(a)).
Then h is continuous on [a, b] and differentiable on (a,b) with h(a) = h(b) = 0.
Theorem 7.3.1 yields a ¢ € (a,b) such that h’'(c) = 0. Then
0= h'(c) = =(9(b) — g(a)) f'(c) + ¢'(c)(f(b) — f(a))
= ¢'()(f(b) = f(a)) = f'(c)(g(b) — g(a)).

O
Corollary 7.3.3 (Mean Value Theorem). If f : [a,b] — R is continuous on [a, b]
and differentiable on (a,b), then there is a ¢ € (a,b) such that f(b) — f(a) =
f(e)(b—a).
Proof. Let g(z) = x in Theorem 7.3.2. O

Many of the standard theorems of beginning calculus are easy consequences
of the Mean Value Theorem. For example, following are the usual theorems
about monotonicity.

Theorem 7.3.4. Suppose f : (a,b) — R is a differentiable function. f is
increasing on (a,b) iff f'(x) > 0 for all x € (a,b). [ is decreasing on (a,b) iff
f'(z) <0 for all x € (a,b).

Proof. Only the first assertion is proved because the proof of the second is pretty

much the same with all the inequalities reversed.
(=) If z,y € (a,b) with  # y, then the assumption that f is increasing

gives
FO = @) L o ey — i L0 @)
y—=x y—e Yy —o
(<) Let z,y € (a,b) with < y. According to Theorem 7.3.3, there is a
¢ € (z,y) such that f(y) — f(z) = f'(¢)(y — ) > 0. This shows f(x) < f(y), so
f is increasing on (a, b). O

> 0.
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7-8 CHAPTER 7. DIFFERENTIATION

Corollary 7.3.5. Let f: (a,b) — R be a differentiable function. f is constant
iff f'(x) =0 for all z € (a,b).

It follows at once from Theorem 7.1.1 that every differentiable function is
continuous. But, it’s not true that a derivative need be continuous.

Ezample 7.3.1. Let
2?sint, x#0
flz) = ! :
0, rz=0
We claim f is differentiable everywhere, but f’ is not continuous.

To see this, first note that when x # 0, the standard differentiation formulas
give that f'(z) = 2z sin(1/x) — cos(1/x). To calculate f'(0), choose any h # 0.

Then
f(h)| _ |h?sin(1/h) h?
h ‘_ h ' h

and it easily follows from the definition of the derivative and the Squeeze The-
orem (Theorem 6.1.2) that f/(0) = 0.
Let x,, = 1/2nn for n € N. Then z,, — 0 and

f(xn) = 23, sin(1/x,) — cos(1/x,) = —1

for all n. Therefore, f'(x,) — —1 £ 0= f'(0), and f’ is not continuous at 0.

But, derivatives do share one useful property with continuous functions;
they satisfy an intermediate value property. Compare the following theorem
with Corollary 6.5.7.

<

= [n]

Theorem 7.3.6 (Darboux’s Theorem). If f is differentiable on an open set
containing [a,b] and v is between f'(a) and f'(b), then there is a c € [a,b] such
that f'(c) = 7.

Proof. It f'(a) = f'(b), then ¢ = a satisfies the theorem. So, we may as well
assume f’(a) # f’(b). There is no generality lost in assuming f'(a) < f’(b), for,
otherwise, we just replace f with g = —f.

N

Figure 7.2: This could be the function h of Theorem 7.3.6.

Let h(z) = f(z) — v(xz — «) so that D(f) = D(h) and h'(z) = f'(x) — .
In particular, this implies h’'(a) < 0 < h’(b). Because of this, there must be an
€ > 0 small enough so that

M@ = h(a+e) <hfa)

May 1, 2009 http://math.louisville.edu/~lee/ira



7.4. APPLICATIONS OF THE MEAN VALUE THEOREM 7-9

and
w >0 = h(b—e) < h(b).

(See Figure 7.2.) In light of these two inequalities and Theorem 6.5.4, there
must be a ¢ € (a,b) such that h(c) = glb{h(z) : z € [a,b]}. Now Theorem 7.2.1
gives 0 = h/(c) = f'(c¢) — v, and the theorem follows. O

Here’s an example showing a possible use of Theorem 7.3.6.

Ezxample 7.3.2. Let
0, z#0
x) = .

Theorem 7.3.6 implies f is not a derivative.
A more striking example is the following

Ezample 7.3.3. Define

f(x):{sm;, 7o andg(w)={s'i?i’ v

Since
0, z#0
2, =0

f@ﬁ—g@)Z{

does not have the intermediate value property, at least one of f or g is not a
derivative. (Actually, neither is a derivative because f(z) = —g(—z).)

7.4 Applications of the Mean Value Theorem

In the following sections, the standard notion of higher order derivatives is used.
To make this precise, suppose f is defined on an interval I. The function f itself
can be written f(O). If f is differentiable, then f’ is written f(). Continuing
inductively, if n € w, f(" exists on I and zo € D(f™), then f*+1(zy) =
df ™) (z0) /dz.

7.4.1 Taylor’s Theorem

The motivation behind Taylor’s theorem is the attempt to approximate a func-
tion f near a number a by a polynomial. The polynomial of degree 0 which
does the best job is clearly po(x) = f(a). The best polynomial of degree 1 is the
tangent line to the graph of the function p;(x) = f(a)+ f'(a)(z—a). Continuing
in this way, we approximate f near a by the polynomial p, of degree n such

5May 1, 2009 (©Lee Larson (LLarson@Louisville.edu)

May 1, 2009 http://math.louisville.edu/~lee/ira



7-10 CHAPTER 7. DIFFERENTIATION

that ) (a) = [ (a) for k =0,1,...,n. A simple induction argument shows
that

— f* (a) k
T) = r—a)". 7.5
mia) =3 e (75)
This is the well-known Taylor polynomial of f at a.

Many students leave calculus with the mistaken impression that (7.5) is the
important part of Taylor’s theorem. But, the important part of Taylor’s theorem
is the fact that in many cases it is possible to determine how large n must be
to achieve a desired accuracy in the approximation of f; i. e., the error term is
the important part.

Theorem 7.4.1 (Taylor’s Theorem). If f is a function such that f, f',..., f(™
are continuous on [a,b] and f"*V) exists on (a,b), then there is a ¢ € (a,b)
such that

n) (g (n+1)
k=0

Proof. Let the constant a be defined by

= fP(a) a 1
F(b) _kZ:O O (b—a)* + (n+1)!(b—a) + (7.6)
and define
B = ) (2) a nt1
F(a:)—f(b)—<§ T (b—z)k+(n+1)!(b—z)+>.

From (7.6) we see that F(a) = 0. Direct substitution in the definition of F'
shows that F'(b) = 0. From the assumptions in the statement of the theorem,
it is easy to see that F' is continuous on [a,b] and differentiable on (a,b). An
application of Rolle’s Theorem yields a ¢ € (a, b) such that

)
n!

OF/(C)(

as desired. O

o = G- ) = a= 7,

Now, suppose f is defined on an open interval I with a,z € I. If fisn+1
times differentiable on I, then Theorem 7.4.1 implies there is a ¢ between a and
x such that

f(l’) = pn(x) + Rf(n’x7 CL>7
(n+1) (o
f(n+1)(! ) ((E
Ezample 7.4.1. Let f(z) = cos(x). Suppose we want to approximate f(2) to 5
decimal places of accuracy. Since it’s an easy point to work with, we’ll choose
a = 0. Then, for some ¢ € (0,2),

where Ry, (c,z,a) = — a)™*1 is the error in the approximation.

(n+1) n+1
VGRICT

|R(n,2,0)] = (n+1)! (n+ 1)V

(7.7)
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7.4. APPLICATIONS OF THE MEAN VALUE THEOREM 7-11

n=20

N

y = cos(x)

Figure 7.3: Here are several of the Taylor polynomials for the function f(x) =
cos(x) graphed along with f.

A bit of experimentation with a calculator shows that n = 12 is the smallest n
such that the right-hand side of (7.7) is less than 5 x 1076, After doing some
arithmetic, it follows that

22 94 26 98 9l0  9l2 27809
Y=1-— - 2 4= 2 47 COY o 0.41614.
P12(2) o Tw e Te a0 T T Teeas MO
is a 5 decimal place approximation to cos(2).

But, things don’t always work out the way we might like. Consider the
following example.

Example 7.4.2. Suppose

f(x) = {6”"’”2, v #0

0, x=0"
In Example 7.4.4 it is shown f(")(0) = 0 for all n > 0. With this function the

Taylor polynomial centered at 0 gives a useless approximation.

7.4.2 L’Hospital’s Rules and Indeterminate Forms

According to Theorem 6.1.3,

L f) e [ ()
e—a g(x)  limg_, g(x)
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7-12 CHAPTER 7. DIFFERENTIATION

whenever lim,_,, f(z) and lim,_,, g(x) both exist and lim,_., g(x) # 0. But, it
is easy to find examples where both lim,_., f(z) = 0 and lim,_,, g(x) = 0 and
lim,_,, f(z)/g(x) exists, as well as similar examples where lim,_,, f(z)/g(x)
fails to exist. Because of this, such a limit problem is said to be in the inde-
terminate form 0/0. The following theorem allows us to determine many such
limits.

Theorem 7.4.2 (Easy L’Hospital’s Rule). Suppose f and g are each continuous
on [a,b], differentiable on (a,b) and f(b) = g(b) =0. If ¢'(x) # 0 on (a,b) and
limg1p, f'(x)/¢'(x) = L, where L could be infinite, then limgqyy, f(z)/g(x) = L.
Proof. Let x € [a,b), so f and g are continuous on [z,b] and differentiable

on (z,b). Cauchy’s Mean Value Theorem, Theorem 7.3.2, implies there is a
c(x) € (z,b) such

, e F@)  fle@)
F(elalgte) = o' (el fla) — L) = TR
Since z < ¢(x) < b, it follows that lim,p ¢(x) = ¢. This shows that
@) Fels)
L= ~ M acw) ~ W@

O

Several things should be noted about this proof. First, there is nothing spe-
cial about the left-hand limit used in the statement of the theorem. It could just
as easily be written in terms of the right-hand limit. Second, if lim,_,, f(z)/g(x)
is not of the indeterminate form 0/0, then applying L’'Héspital’s rule will give
a wrong answer. To see this, consider

. o1

P

Corollary 7.4.3. Suppose f and g are differentiable on (a,0) andlim,_, f(x)
lim, o0 g(z) = 0. If ¢'(z) # 0 on (a,0) and lim,_,o f'(z)/g'(x) = L, where L
could be infinite, then lim,_, o f(x)/g(x) = L.

Proof. There is no generality lost by assuming a > 0. Let

F(w):{f(l/x), re@©1/d G(x):{g(l/x), z € (0,1/d]

07 z=0 O, z=0

Then

lim F(z) = lim f(z) =0= lim g(z) = lim G(x),

z]0 T—00 T—00 z]0
so both F' and G are continuous at 0. It follows that both F' and G are con-
tinuous on [0,1/a] and differentiable on (0,1/a) with G'(z) = —¢'(z)/2® # 0
on (0,1/a) and lim, o F'(z)/G'(x) = lim,; o f'(2)/¢'(x) = L. The rest follows
from Theorem 7.4.2. O
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The other standard indeterminate form arises when

lim f(z) =00 = lim g(z).
Tr—00 T—00

This is called an co/co indeterminate form. This is handled by the following
theorem.

Theorem 7.4.4 (Hard L’Héspital’s Rule). Suppose that [ and g are differen-
tiable on (a,0) and ¢'(x) # 0 on (a,00). If

!/
lim f(z) = lim g(z) =00 and lim f,((xi =L e RU{—o00,00},
T— 00 xr—00 T—0o0 gL
then
im L)
Proof. First, suppose L € R and let € > 0. Choose a; > a large enough so that
f'(x)

7 () — L‘ <e, Vr>a.
Since lim, o f(z) = 0o = lim, . g(x), we can assume there is an as > a3
such that both f(z) > 0 and g(x) > 0 when = > ay. Finally, choose ag > as
such that whenever x > as, then f(x) > f(a2) and g(x) > g(as).

Let x > a3 and apply Cauchy’s Mean Value Theorem, Theorem 7.3.2, to f
and g on [ag, z] to find a ¢(x) € (ag,x) such that

_ _ . (7.8)

g(x)
If (aa)
1 glaz
_ g(z)
h( ) 1— f,(a2) )
f(z)

then (7.8) implies

h(x
() g'(c(x))
Since lim, o h(x) = 1, there is an ay > a3 such that whenever & > ay4, then
|h(z) — 1| <e. If > a4, then

f(x) _ f(e(x))
g

@ || fheta),,
o) L‘ 7(e(@) "™ L’
P,
= | et M)~ Lh(a) + Lh(z) ~ L
Fle@) [, o
<| 25D — il il + i) -

<e(l+e)+|Lle=1+|L|+¢)
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can be made arbitrarily small through a proper choice of €. Therefore lim, .~ f(z)/g(x) =
L.

The case when L = oo is done similarly by first choosing a B > 0 and
adjusting (7.8) so that f'(z)/¢'(x) > B when x > ay. A similar adjustment is
necessary when L = —oo. O

There is a companion corollary to Theorem 7.4.4 which is proved in the same
way as Corollary 7.4.3.

Corollary 7.4.5. Suppose that f and g are continuous on [a,b] and differen-
tiable on (a,b) with ¢’'(x) #0 on (a,b). If

/
%lelalf(l‘) = Elrgg(ac) =o0 and 2{2 ch/g; =L eRU{-00,0},
then
@)
Tla g x)

Ezample 7.4.3. If o > 0, then lim,_ o Inxz/z® is of the indeterminate form
00/00. Taking derivatives of the numerator and denominator yields
1 1
lim — i

z—oo az®~ 1l  z—oco ax®

Theorem 7.4.4 now implies lim, o Inz/2* = 0, and therefore Inz increases
more slowly than any positive power of x.

Ezample 7.4.4. Let f be as in Example 7.4.2. Tt is clear f(")(x) exists whenever
n € w and x # 0. We claim £ (0) = 0. To see this, we first prove that

e—l/w2
lim =0, YneZ. (7.9)
z—0 X

When n <0, (7.9) is obvious. So, suppose (7.9) is true whenever m < n for
some n € w. Making the substitution u = 1/x, we see

e—l/;z2 un—i—l
lim o = Jim S (7.10)
Since
2
 (n+Du o (n+Dumt n41 etV
uh—>H;o Quet® uh—>H;o 2eu? 2 lzvlfrol zn—1l 0

by the inductive hypothesis, Theorem 7.4.4 gives (7.10) in the case of the right-
hand limiit. The left-hand limit is handled similarly. Finally, (7.9) follows by
induction.

When z # 0, f(")(z) is easily seen to be of the form pn(1/z)e"1/" where
pn 18 a polynomial. Induction and repeated applications of (7.9) establish that
f(0) =0 for n € w.
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7.5 Problems

Problem 60. If f is defined on an open set containing xg, the symmetric
derivative of f at xq is defined as

f*(@o) = lim flao + h)Q—hf(xo )

Prove that if f/(z) exists, then so does f*(x). Is the converse true?
Problem 61. Finish Example 7.4.2.

Problem 62. Let G be an open set and f € D(G). If there is an a € G such
that lim,_,, f'(z) exists, then lim,_., f'(z) = f'(a).

Problem 63. Prove or give a counter example: If f € D((a,b)) such that f’ is
bounded, then there is an F' € C([a,b]) such that f = F on (a,b).

Problem 64. Suppose f is continuous on [a, b] and f” exists on (a
an o € (a,b) such that the line segment between (a, f(a)) and (b, f(b)) contains

,b). If there is
(
the point (zo, f(x0)), then there is a ¢ € (a,b) such that f”(c) = 0.

Problem 65. Prove that

. 3 n 20 < 1
inxr — -+ — —
ST T T 10 5040

when |z]| < 1.

Problem 66. Prove or give a counter example: If f is continuous on R and
differentiable on R \ {0} with lim,_,¢ f'(x) = L, then f is differentiable on R.

Problem 67. Let f be defined on a neighborhood of z.
(a) If f(x) exists, then

L = B = 2f(@) + S+ )
h—0 h?

= f"(x).

(b) Find a function f where this limit exists, but f”(z) does not exist.
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